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Abstract
In this paper we investigate the spectrum and spectrality of the one-dimensional
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1 Introduction and Preliminary Facts
In this paper we investigate the one dimensional Schro¨dinger operator L(q) generated in
L2(−∞,∞) by the differential expression
− y′′(x) + q(x)y(x), (1)
where q is complex-valued, locally integrable, periodic and PT-symmetric. Without loss of
generality, we assume that the period of q is 1 and the integral of q over [0, 1] is zero. Thus
q ∈ L1[0, 1],
∫ 1
0
q(x)dx = 0, q(x+ 1) = q(x), q(−x) = q(x) (a.e.). (2)
A basic mathematical question of PT-symmetric quantum mechanics concerns the reality
of the spectrum of the considered Hamiltonian (see [2, 15 and references of them]). In
the first papers [1,3,5,6,10] about the PT-symmetric periodic potential, the appearance
and disappearance of real energy bands for some complex-valued PT-symmetric periodic
potentials under perturbations have been reported. Shin [17] showed that the appearance
and disappearance of such real energy bands imply the existence of nonreal band spectra.
He involved some condition on the Hill discriminant to show the existence of nonreal curves
in the spectrum. Caliceti and Graffi [4] found explicit condition on the Fourier coefficient of
the potential providing the nonreal spectra for small potentials. Besides, they proved that
if all gaps of the spectrum of the Hill operator L(q) with distributional potential q are open
and the width of the n-th gap does not vanish as n→∞, then the spectrum of L(q) + gW,
where W is a bounded periodic function and g is a small number, is real. This result can
not be used for the locally integrable periodic potentials (2), since the width of the n-th gap
vanishes as n→∞.
In this paper, we first consider the general spectral property of the spectrum of L(q)
under conditions (2) and prove that the main part of its spectrum is real and contains the
large part of [0,∞). Using this we find necessary and sufficient condition on the potential
1
2for finiteness of the number of the nonreal arcs in the spectrum of L(q). Besides we find
necessary and sufficient conditions for the equality of the spectrum of L(q) to the half
line. Moreover, we consider the connections between spectrality of L(q) and the reality of
its spectrum for some class of PT-symmetric periodic potentials. Finally, we find explicit
conditions on the potential q for which the number of gaps in the real part of the spectrum
of L(q) is finite.
Now let us list the well-known results, as Summary 1-Sammary 7, about L(q) which will
be essentially used in this paper. Note that we formulate the well-known results from the
books [7, 19] and the papers [11, 13, 14, 16,17] in the suitable form for this paper and by
using the unique notation, since the different notations were used in those references.
Summary 1 The spectrum σ(L) of the operator L is the union of the spectra σ(Lt) of the
operators Lt for t ∈ (−pi, pi] generated in L2[0, 1] by (1) and the boundary conditions
y(1) = eity(0), y
′
(1) = eity
′
(0). (3)
Summary 2 The eigenvalues of Lt are the roots of the characteristic equation
F (λ) = 2 cos t, (4)
where F (λ) := ϕ′(1, λ) + θ(1, λ) is the Hill discriminant, θ and ϕ are the solutions of
− y′′(x) + q(x)y(x) = λy(x) (5)
satisfying the initial conditions θ(0, λ) = ϕ′(0, λ) = 1, θ′(0, λ) = ϕ(0, λ) = 0.
The following 2 summaries immediately follows from summaries 1 and 2.
Summary 3 σ(L−t) = σ(Lt) = σ(Lt+2pi) and λ ∈ σ(Lt) if and only if there exist a solution
Ψ(x, λ) of (5) satisfying Ψ(x+ 1, λ) = eitΨ(x, λ) for all x.
Summary 4 λ ∈ σ(L) if and only if F (λ) ∈ [ −2, 2].
The following summary was proved in [16, 20]
Summary 5 The spectrum σ(L) consist of analytic arcs whose endpoints are the eigenvalues
of Lt for t = 0, pi and the multiple eigenvalues of Lt for t ∈ (0, pi). Moreover σ(L) does not
contain the closed curves, that is, the resolvent set C\σ(L) is connected.
Let (2) holds. Then using Summary 3 one can readily see that the function Φ(x, λ) :=
Ψ(−x, λ) satisfies the equation −y′′(x) + q(x)y(x) = λy(x) and the equality
Φ(x+ 1, λ) = Ψ(−x− 1), λ) = e−itΨ(−x, λ) = eitΦ(x, λ).
It means that λ ∈ σ(Lt). Hence we have
Summary 6 If (2)holds then the following implications hold
λ ∈ σ(Lt) =⇒ λ ∈ σ(Lt), λ ∈ σ(L) =⇒ λ ∈ σ(L).
The first and second implications were proved in [11] and [17] respectively.
The following summary is proved in [17] (see Theorem 3 and Corollary 4).
Summary 7 Suppose (2) holds. Then F (λ) is real for all real λ, where F (λ) is defined in
(4). If F (λ) ∈ (−2, 2) and F ′(λ) = 0 or F (λ) = ±2, F ′(λ) = 0 and F ′′(λ) = 0 then σ(L(q))
contains nonreal number in any neighborhood of λ.
In Section 2 we use these summaries and the uniform asymptotic formulas for the eigen-
values of Lt(q) obtained in [22] and [23] and formulated as Summary 8 and Summary 9
in order to describe the spectrum of the operator L(q) with the potential (2). In the last
section using the results of Section 2 and the papers [23, 27] we consider in detail the shape
of the spectrum and the asymptotic connection of reality of σ(L) and spectrality of L.
32 On the Spectrum of L(q)
In the case q = 0 the eigenvalues and eigenfunctions of Lt(q) are (2pin+t)
2 and ei(2pin+t)x for
n ∈ Z respectively. In [27] we proved that the eigenvalues of Lt can be numbered (counting
the multiplicity) by elements of Z such that, for each n the function λn(t) is a piecewise
differentiable on [0, pi] and λn(−t) = λn(t) (see Summary 3). Thus
σ(L(q)) =
⋃
n∈Z
Γn, (6)
where Γn = {λn(t) : t ∈ [0, pi]} (see (16) of [27]). In future we call Γn as band of σ(L(q)).
Moreover, it follows from the construction of Γn that
Γn ∩ σ (Lt(q)) = {λn(t)} , |Γn| <∞, lim
n→∞
d(Γn, 0) =∞, (7)
where |Γn| is the length of Γn and d(Γn, 0) is the distance from Γn to origin. Besides one
can readily see the following properties of the bands Γn.
Proposition 1 (a) Γn is a single open curve with the end points λn(0) and λn(pi).
(b) Two bands Γn and Γm may have at most one common point.
Proof. (a) It follows from (3) and (4) that λn(t1) 6= λn(t2) for 0 ≤ t1 < t2 ≤ pi.
Therefore Γn is a single open curve and hence has two end points. Since λn : [0, pi]→ Γn is
a piecewise differentiable functions it maps the ends of [0, pi] to the ends of Γn.
(b) The inequality λn(t1) 6= λm(t2) for t1 6= t2 implies that the bands Γn and Γm has a
common point if and only if there exist t ∈ [0, pi] such that λn(t) = λm(t). It means that
λn(t) is a multiple eigenvalue of Lt and hence is the roots of F
′
(λ) = 0, where F (λ) is the
Hill discriminant defined in Summary 2. Since F (λ) is a nonzero entire function, the set of
zeros of F
′
(λ) is a discrete set and has no finite limit points. Therefore, by the inequality
in (7), two bands can have only finite number common points. If the common points of Γn
and Γm are more than one, then there exist t1 and t2 such that 0 ≤ t1 < t2 ≤ pi and
λn(t1) = λm(t1), λn(t2) = λm(t2), λn(t1) 6= λn(t2), λn(t) 6= λm(τ)
for all t ∈ (t1, t2) and τ ∈ (t1, t2). However, it implies that
{λn(t) : t ∈ [t1, t2]} ∪ {λm(t) : t ∈ [t1, t2]}
is a closed curve which contradicts Summary 5.
Remark 1 Note that if λn(t) for t ∈ (0, pi) and t = 0, pi is a multiple eigenvalue of Lt(q)
of multiplicity p, then p bands of the spectrum have common interior and end point λn(t)
respectively. In particular, λn(t) is a simple eigenvalue if and only if it belong only to one
band Γn.
These arguments with summaries 5 and 6 yield the following
Theorem 1 Suppose that (2) holds.
(a) If λn(t1) and λn(t2) are real numbers, where 0 ≤ t1 < t2 ≤ pi then γ := {λn(t) : t ∈ [t1, t2]}
is an interval of the real line.
(b) If the eigenvalues λn(0) and λn(pi) are real numbers then λn(t) are real eigenvalues
of Lt(q) for all t ∈ (0, pi), that is, Γn is either [λn(0), λn(pi)] or [λn(pi), λn(0)].
(c) The spectrum of L(q) is completely real if and only if all eigenvalues of L0(q) and
Lpi(q) are real, that is, the roots of (F (λ))
2
= 4 are the real numbers.
4Proof. (a) If γ is not an interval of the real line, then, by Summary 6, σ(L) contains a
closed curve γ ∪ γ˜, where γ˜ = {λ ∈ C : λ ∈ γ} , which contradicts Summary 5.
(b) Since λn(0) and λn(pi) are the end points of Γn, (b) follows from (a).
(c) If the spectrum of L(q) is real, then by Summary 1 the eigenvalues of L0(q) and
Lpi(q) are real. Now suppose that all eigenvalues of L0(q) and Lpi(q) are real. It means that
the eigenvalues λn(0) and λn(pi) are real numbers for all n. Then, by (b), Γn for all n and
hence, by (6), σ(L) is completely real.
Now to consider, the reality of the spectrum in detail, we investigate the points in which
the spectrum ceases to be real. These points are crucial and can be defined as follows.
Definition 1 A real number λ ∈ σ(L) is said to be a left (right) complexation point of the
spectrum if there exists ε > 0 such that [λ, λ + ε] ⊂ σ(L) ( [λ − ε, λ] ⊂ σ(L)) and σ(L)
contains a nonreal number in any neighborhood of λ. Both left and right complexation points
are called complexation points.
Theorem 2 Suppose that (2) holds. If λn(t) is a complexation point, then it is a multiple
eigenvalue. Moreover, the multiplicity of λn(t) is greater than 2 if t = 0, pi.
Proof. Let λn(t) be a complexation point. If λn(t) is a simple eigenvalue, then by
Remark 1, λn(t) belong to Γn and does not belong to Γm for m 6= n. Moreover, there exists
a neighborhood U := {λ ∈ C : |λ− λn(t)| < δ} of λn(t) such that U ∩Γm = ∅ for all m 6= n.
Then by Definition 1 and Summary 6 there exist a nonreal number λ ∈ U and t0 ∈ (0, pi)
such that λ ∈ (Γn ∩ σ (Lt0(q))) and λ ∈ (Γn ∩ σ (Lt0(q))) which contradicts (7).
Now suppose that λn(0) is a complexation point and multiple eigenvalue of multiplicity
two. Then, by Remark 1, there exists m 6= n such that λm(0) = λn(0) and λk(0) 6= λn(0)
for all k 6= n,m. Therefore using Definition 1 and taking into account the continuity of λk(t)
for all k ∈ Z, we see that there exist ε > 0 and δ > 0 such that at least one of the sets
{λn(t) : t ∈ [0, ε]} and {λm(t) : t ∈ [0, ε]} is the interval of the real line and
{λ ∈ C : |λ− λn(0)| < δ} ∩ {λk(t) : t ∈ [0, ε]} = ∅, ∀k 6= n,m. (8)
Suppose, without loss of generality, that {λn(t) : t ∈ [0, ε]} ⊂ R. Then by (8) and Definition
1 there exist t ∈ [0, ε] and δ > 0 such that λm(t) ∈ {λ ∈ C : |λ− λn(0)| < δ} \R. These
arguments with (7), (8) and Summary 6 imply that λm(t) belong to σ(L(q)) and does not
belong to Γk for any k ∈ Z. It contradicts (6). In the same way we consider λn(pi)
Now we consider the large eigenvalues by using the uniform asymptotic formulas for the
Bloch eigenvalues obtained in [22, 23] and then combining it with the above results we will
describe the spectrum lying outside of some disk. In [22] (see Theorem 2) we proved that the
large eigenvalues of the operators Lt(q) for t 6= 0, pi consist of the sequence {λn(t) :| n |≫ 1}
satisfying
λn(t) = (2pin+ t)
2 +O(n−1 ln |n|) (9)
as n → ∞ and the formula (9) is uniform with respect to t in [h, pi − h], where h is a fixed
number and, without loss of generality, it is assumed that the integral of q over [0, 1] is 0.
In future we assume that h ∈ (0, 1/15pi). The following summary follows from (9).
Summary 8 For any fixed h, there exists an integer N(h) and positive constant M(h) such
that for |n| > N(h) and t ∈ [h, pi − h] there exists unique, counting multiplicity, eigenvalue
λn(t) satisfying∣∣λn(t)− (2pin+ t)2∣∣ ≤M(h)n−1 lnn, |λn(t)− λk(t)| > 2pi2n, ∀k 6= n. (10)
The eigenvalue λn(t) is simple for all |n| > N(h) and t ∈ [h, pi − h].
5Moreover, as it was shown in [23] (see (20) and Remark 2.11of [23]) and [27] (see page
60 of [27]) N(h) can be chosen so that the following holds.
Summary 9 For t ∈ [0, h] and n > N(h) there exist two eigenvalues, counting multiplicity,
denoted by λn(t) and λ−n(t) and satisfying∣∣λ±n(t)− (2pin+ t)2∣∣ ≤ 15pinh < n, |λ±n(t)− λk(t)| > 2pi2n, ∀k 6= ±n. (11)
Similarly, for t ∈ [pi− h, pi] and n > N(h) there exist two eigenvalues, counting multiplicity,
denoted by λn(t) and λ−n−1(t) such that∣∣λn(t)− (2pin+ t)2∣∣ ≤ 15pinh < n, ∣∣λ−n−1(t)− (2pin+ t)2∣∣ ≤ 15pinh < n, (12)
|λn(t)− λk(t)| > 2pi2n, |λ−n−1(t)− λk(t)| > 2pi2n, ∀k 6= n,−(n+ 1).
In [27] we proved that the eigenvalues of Lt can be numbered (counting the multiplicity)
by elements of Z such that, for each n the function λn(t) is continuous on [0, pi] and for
|n| > N(h) the inequalities (10)-(12) hold. Moreover, the bands Γn of the spectrum defined
in (6) is constructed due to this numerations. Therefore inequalities (11) and (12) and
Proposition 1 yield the following.
Proposition 2 Suppose that t ∈ ([0, h] ∪ [pi − h, pi]) and |n| > N(h). Then
(a) The multiplicity of the eigenvalues λn(t) is not greater than 2.
(b) If λn(t) for t ∈ [0, h] and |n| > N(h) is the double eigenvalue of Lt, then λn(t) =
λ−n(t) and hence the bands Γn and Γ−n have the common point λn(t). Similarly, if λn(t)
for t ∈ [pi − h, pi] and |n| > N(h) is the double eigenvalue of Lt, then λn(t) = λ−n−1(t) and
hence the bands Γn and Γ−n−1 have the common point λn(t).
(c) If n is a positive (negative) number, then the left and right ends of Γn are λn(0)
(λn(pi)) and λn(pi) (λn(0))respectively.
Now using the above arguments we describe the shapes of Γn for |n| > N(h).
Theorem 3 Suppose that (2) holds and |n| > N(h).
(a) λn(t) for t ∈ [h, pi − h] are real and simple eigenvalues.
(b) For t ∈ ([0, h] ∪ [pi − h, pi]) the double eigenvalues λn(t) are the real numbers.
Proof. (a) By Summary 8, λn(t) for t ∈ [h, pi−h] are the simple eigenvalues. If λn(t) /∈ R
for some t ∈ [h, pi − h], then λn(t) 6= λn(t) and by Summary 6 both are eigenvalues of Lt(q)
satisfying (10), which contradicts Summary 8.
(b) If the double eigenvalue λn(t) for t ∈ [0, h] is nonreal then arguing as in the proof of
(a) we conclude that there exist four eigenvalues (counting the multiplicity) satisfying (11)
which contradicts Summary 9. In the same way the case t ∈ [pi − h, pi] can be considered
Thus the part {λn(t) : t ∈ [h, pi − h]} of Γn is the interval of the real line. The following
theorem shows that, in fact, very large part of Γn consists of the interval of the real line.
Theorem 4 Suppose that (2) holds and |n| > N(h).
(a) There may exists at most one number εn and pi−δn in [0, h) and (pi−h, pi] respectively,
such that λn(εn) and λn(pi − δn) are double eigenvalues. Then
λn(εn) = λ−n(εn) ∈ R, λn(pi − δn) = λ−n−1(pi − δn) ∈ R, ∀n > N(h). (13)
(b) The eigenvalues λn(t) for t 6= [0, pi]\ {εn, pi − δn} are simple and are not complexation
points. Moreover εn → 0 and δn → 0 as n→∞.
(c) The double eigenvalues λn(εn) and λn(pi− δn) are complexation points if and only if
εn 6= 0 and δn 6= 0 respectively.
6(d) If λn(εn) and λn(pi−δn) are complexation points, then the part {λn(t) : t ∈ [εn, pi − δn]}
of Γn is an interval of the real line and is the real part Re(Γn) of Γn and the other parts
γ(0, εn) := {λn(t) : t ∈ [0, εn)} and γ(pi, δn) := {λn(t) : t ∈ (pi − δn, pi]} are not empty set
and are the pure nonreal parts of Γn, that is, belong to C\R.
Proof. (a) Suppose to the contrary that there exist two numbers t1 and t2 such that both
λn(t1) and λn(t2) are the double eigenvalues, where 0 ≤ t1 < t2 < h. Then by Proposition
2(b) the bands Γn and Γ−n have two common points λn(t1) and λn(t2) which contradicts
Proposition 1(b). The case (pi− h, pi] can be considered in the same way. The equalities and
inclusions in (13) follows from Proposition 2(b) and Theorem 3(b) respectively.
(b) The simplicity of eigenvalues λn(t) for t 6= [0, pi]\ {εn, pi − δn} follows from Summary
8 and definitions of εn and pi−δn. Then by Theorem 2 these eigenvalues are not complexation
points. The relations εn → 0 and δn → 0 as n→∞ are well-known. It readily follows from
Summary 8 and from the asymptotic formulas
F (λ) = 2 cos
√
λ+O(1/
√
λ) (14)
as λ ∈ R and λ→∞ (see [12,Chap.1, Sec.3] and [22, page 78]).
(c) Theorem 2 implies that λn(t) for t = 0, pi are not complexation points since by
Proposition 2(a) their multiplicities is not greater than 2. Therefore it follows from (b) that
if λn(t) is a complexation point, then either t = εn 6= 0 or t = pi − δn 6= pi. Consider λn(t)
for t = εn and εn 6= 0. By Theorem 3, λn(εn) and λn(h) are real numbers. Therefore by
Theorem 1 the set {λn(t) : t ∈ [εn, h]} ⊂ Γn is an interval of the real line. Since εn 6= 0,pi, by
Summary 7 any neighborhood of the double eigenvalue λn(εn) contains a nonreal number
from σ(L(q)) . Thus, by Definition 1, λn(εn) is a complexation point. In the same way we
prove that λn(pi − δn) is a complexation points.
(d) By (13) and Theorem 1 the subset {λn(t) : t ∈ [εn, pi − δn]} of Γn is an interval of the
real line. To prove the relation γ(0, εn) ⊂ C\R , first let us prove that {λn(t) : t ∈ (0, εn)} ⊂
C\R. Suppose there exists t0 ∈ (0, εn) such that λn(t0) is a real number. Then by Theorem
1 {λn(t) : t ∈ [t0, εn)} ⊂ R. It with the first statement of (d) implies that there exists a
small neighborhood U := {λ ∈ C : |λ− λn(εn)| < δ} of λn(εn) which does not contain a
nonreal number from Γn. If λ−n(t) ∈ U\R for some t ∈ [0, h], then λ−n(t) 6= λ−n(t) and by
Summary 6 both are eigenvalues of Lt(q) satisfying (11). Then there exist three eigenvalues
(counting the multiplicity) satisfying (11) which contradicts Summary 9. Hence U does
not contain a nonreal number from Γ−n too. Moreover, it readily follows from summaries
8 and 9 that U ∩ Γk = ∅ for all k 6= n,−n. Thus U does not contain a nonreal number
from σ(L(q)). However it is impossible, since λn(εn) is a complexation point. It remains to
prove that λn(0) is not a real number. If we suppose to the contrary that λn(0) is a real
number, then we obtain that the curve {λn(t) : t ∈ [0, εn]} with its symmetry forms a closed
curve in the spectrum, which contradicts Summary 5. Thus γ(0, εn) ⊂ C\R. The proof of
γ(pi, δn) ⊂ C\R is the same
Definition 2 If n > N(h), then the pure nonreal parts γ(0, εn) and γ(pi, δn) of Γn are said
to be the left and right tails of Γn, where γ(0, εn) and γ(pi, δn) are defined in Theorem 4. If
n < −N(h) then we interchange the words left and right.
Theorem 5 Suppose that (2) holds and n > N(h). Then the band Γn has left (right) nonreal
tail and contains a left (right) complexation point λn(εn) (λn(pi − δn)), where εn ∈ (0, h]
((pi − δn) ∈ [pi − h, pi), if and only if λn(0) (λn(pi)) is a nonreal number. The theorem
continuous to hold if the condition n > N(h) and the word left (right) are replaced by
n < −N(h) and the word right (left).
7Proof. We prove the theorem for n > N(h) and λn(0). The proofs for the other cases are
the same. If the eigenvalue λn(0) is a real number then by Theorem 1 {λn(t) : t ∈ [0, h]} ⊂ R,
since λn(h) is also real number (see Theorem 3(a)). It means that the left tail absent and
by Theorem 4(d) the left complexation point absent. Now suppose that λn(0) is a nonreal
number. Denote by t0 the smallest number in [0, h] such that λn(t0) is real. Since λn(0) is
nonreal number, λn(h) is real number and λn is a continuous function, we have t0 ∈ (0, h].
Then {λn(t) : t ∈ [t0, pi − h]} ⊂ R and any neighborhood of λn(t0) contains a nonreal number
λn(t), where t ∈ [0, t0). It means that λn(t0) is a complexation point and {λn(t) : t ∈ [0, t0)}
is the left tail of Γn
Now we find the necessary and sufficient conditions in which σ(L(q)) is a half line.
Theorem 6 Suppose that (2) holds. Then the spectrum of L(q) is a half line if and only if
the followings hold:
(i) one eigenvalue of L0(q) is simple and the all others are double,
(ii) all eigenvalues of Lpi(q) are double.
Proof. First suppose that σ(L(q)) = [a,∞) for same a. Then the bands Γn of the
spectrum σ(L(q)) are the intervals of the real line and the left end of the first interval is a.
Since these intervals may have at most one common points (see Proposition 1(b)), that is,
do not overlap each other and a is the leftmost point of the spectrum it is the end only of
one band of the spectrum. Therefore by Remark 1 it is a simple eigenvalue. Moreover, using
the asymptotic formulas (14) for F (λ) and taking into account that F (λ) ∈ R for λ ∈ R
(see Summary 7) we see that the graph {(λ, F (λ)) : λ ∈ R)} of F (λ) intersect the line y = 2
before the line y = −2. Therefore a is the simple eigenvalue of L0(q). Thus by Proposition
1(b) the right end point b of the first band is the eigenvalue of Lpi(q). Since σ(L(q)) has no
gaps, b is the left end point of the second interval. Therefore b is the double eigenvalue of
Lpi(q). The right end point of the second interval is the eigenvalue c of L0(q). Since σ(L(q))
has no gaps, c is the left end point of the third interval and hence c is the double eigenvalue
of L0(q). Continuing this procedure we obtain that all eigenvalues of L0(q) except a and all
eigenvalues of Lpi(q) are double.
Now suppose that (i) and (ii) holds. Let λk(0) be the simple eigenvalue of L0(q). Then
by Remark 1 it is end point of only one band Γk. If λk(0) is nonreal then by Summary 6,
λk(0) is also an eigenvalue of L0(q) and is end point of only one band. It implies that λk(0)
is also a simple eigenvalue of L0(q) which contradict to (i). Thus λk(0) is real.
Now consider the connectedness of σ(L(q)). Let m > max {|k| , N(h)} . Then it readily
follows from Proposition 2(b) and (i), (ii) that
λm(pi) = λ−m−1(pi), λ−n(0) = λn (0), λn(pi) = λ−n−1(pi), ∀n > m. (15)
It means that Γ :=
⋃
n:|n|>mΓn is a connected curve. Consider γ =
⋃
n:|n|≤mΓn. Suppose
that γ is not a connected curve, that is, there exist at least two separated curves γ1 and γ2
lying in γ. Then γ1 and γ2 have 4 end points denoted by a1, a2, a3 and a4. One of them, say
a1 is λk(0). It readily follows from Proposition 2(b) that one of others, say a4, is λm(pi) ∈ Γ
and ai for i = 2, 3 do not belong to Γ. It is also clear that there exist p such that a2 is the end
point of Γp and is not end point of Γs for s 6= p. It, by Remark 1, implies that a2 is a simple
eigenvalue of either L0(q) or Lpi(q). It contradicts (i) and (ii), since a2 6= a1. Thus we proved
that γ is a connected curve with end points a1 and a4 = λm(pi) ∈ Γ. Therefore σ(L(q)) is
a connected curve with one left end point a1 ∈ R. On the other hand, by Theorem 3(a) we
have λn(h) ∈ R for all n > m. Therefore repeating the proof of Theorem 1(a), we see that
the part of σ(L(q)) from a1 ∈ R to λn(h) ∈ R, where n > m, is the interval [a1, λn(h)] .
Letting n tend to infinity we get σ(L(q)) = [a1,∞)
83 Reality and non-reality of Γn for large n
To consider the reality of Γn for large n we use the following theorem.
Theorem 7 Suppose that (2) holds and |n| > N(h). Then the followings are equivalent
(a) Band Γn is the real interval.
(b) The eigenvalues λn(0) and λn(pi) are the real numbers.
(c) λn(t) for t ∈ (0, pi) are simple eigenvalues of Lt(q).
(d) The eigenvalues λn(t) for t ∈ (0, pi) are not the complexation points.
Proof. By Proposition 1(a) and Theorem 1(b) the statements (a) and (b) are equivalent.
It readily follows from Theorem 4 that (c) and (d) are equivalent. Theorem 4(c) and Theorem
5 imply that (b) and (d) are equivalent.
Now we find the conditions on the Fourier coefficients of the PT-symmetric potential q
for reality and non-reality of Γn for large n. For this first of all we need to consider the
Fourier coefficient of the potentials (2). In general the locally integrable periodic function
has no Fourier decomposition. However we can consider the Fourier coefficients
qn := (q, e
i2pinx) :=
∫ 1
0
q(x)e−i2pinxdx
for n ∈ Z. It is clear and well-known that if q is PT-symmerric, then using the substitution
t = −x one can get the equality
qn =
∫ 1
0
q(x)ei2pinxdx =
∫ 1
0
q(−t)e−i2pintdt =
∫ 1
0
q(t)e−i2pintdt = qn (16)
which means that qn ∈ R for all n ∈ Z.
First to find the necessary and sufficient conditions on the potential for reality and non-
reality of Γn we construct some class of periodic PT-symmetric function as follows. Let Sp
be the set of 1 periodic PT-symmetric functions q ∈ W p1 [0, 1] such that
q(1) = q(0), q′(1) = q′(0), ..., q(s−1)(1) = q(s−1)(0) (17)
for some s ≤ p and there exist positive constants c1, c2, c3 and N > 0 satisfying
| qn |> c1n−s−1 & c2 |qn| ≤ |q−n| ≤ c3 |qn| , ∀n > N. (18)
In particular, S0 is the set of 1 periodic PT-symmetric functions q ∈ L1[0, 1] satisfying
| qn |> c1n−1 & c2 |qn| ≤ |q−n| ≤ c3 |qn| , ∀n > N.
Besides we use the following formulas obtained in [23] (see (40)-(44) of [23]). In [23] we
proved that λn(t) satisfies the equations
(λ− (2pin)2 − t2 − 1
2
(A(λ, t) +A
′
(λ, t)))2 = D(λ, t), (19)
where D = (4pint)2 + q2nq−2n + 8pintC + C
2 + q2nB
′
+ q−2nB +BB
′
, C = 12 (A−A′),
A(λ, t) =
∞∑
k=1
ak(λ, t), A
′(λ, t) =
∞∑
k=1
a′k(λ, t), (20)
ak(λ, t) =
∑
n1,n2,...,nk
q−n1−n2−...−nk
k∏
s=1
qns
(
λ− (2pi(n− n1 − ..− ns) + t)2
)−1
, (21)
9a
′
k(λ, t) =
∑
n1,n2,...,nk
q−n1−n2−...−nk
k∏
s=1
qns
(
λ− (2pi(n+ n1 + ..+ ns)− t)2
)−1
. (22)
The functions B and B
′
are obtained respectively from A and A
′
by replacing q−n1−n2−...−nk
with q2n−n1−n2−...−nk and q−2n−n1−n2−...−nk . One can readily see from (20)-(22) that{
A(λ, t), A
′
(λ, t), C(λ, t), B(λ, t), B
′
(λ, t), D(λ, t)
}
∈ R (23)
if λ, t and the Fourier coefficients qn for n ∈ Z are real number. Moreover, there exists a
constant K such that the following inequalities hold (see (56) of [23])
| A(λ, t) +A′(λ, t)−A(µ, t)−A′(µ, t) |< Kn−2 | λ− µ | . (24)
Besides the equalities
C(λn,j(t), t) = tO(n
−1), B(λn,(t), t) = o
(
n−s−1
)
, B
′
(λn,(t), t) = o
(
n−s−1
)
(25)
hold uniformly with respect to t in [0, h] (see (57) and (46) of [23]).
Remark 2 Formula (19) is proved in [23] under conditions (17) and (18) (see Theorem
2.4). In [25] we proved ([see Theorem 2 and (35), (37) of [25]]) that λn(t) satisfies (19)
without conditions (17) and (18) which readily follows from (37) and (38) of [23] (see the
first paragraph of the proof of Theorem 2 of [25]).
Theorem 8 Suppose that (2) holds, n is a large number and t ∈ ([0, h] ∪ [pi − h, pi]) . Then
the eigenvalue λn(t) is real if and only if
D(λn(t), t) ≥ 0. (26)
Proof. We prove the theorem t ∈ [0, h]. The proof for t ∈ [pi−h, pi] is the same. Suppose
that λn(t) is real. Since the Fourier coefficients of the PT-symmetric function q are real
numbers (see (16)), by (23) we have
F (λn(t), t) :=
(
λn(t)− (2pin)2 − t2 − 1/2(A(λn(t), t) +A
′
(λn(t), t))
)
∈ R. (27)
Therefore the right side of (19) for λ = λn(t) are nonnegative, that is, (26) holds.
Now suppose that (26) holds. Then, by (19), the relation (27) holds too. It remains to
show that (27) implies the reality λn(t). Suppose that λn(t) is nonreal. Since F (λn(t), t) is
real number (see (27)), from (20)-(22) one can readily see that F (λn(t), t) = F
(
λn(t), t
)
from which by using (24) we obtain the following contradiction
2
∣∣∣λn(t)− λn(t)∣∣∣ = ∣∣∣A(λn(t), t) +A(λn(t), t)−A′(λn(t), t)) −A′(λn(t), t)∣∣∣
< 2Kn−2 | λn(t)− λn(t) | .
The theorem is proved
The following corollary immediately follows from theorems 3, 7 and 8.
Corollary 1 Suppose that (2) holds and n is a large number. Then Γn ⊂ R if and only if
D(λn(0), 0) ≥ 0 & D(λn(pi), pi) ≥ 0. (28)
Now using this corollary, (18) and (25) we prove the following.
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Theorem 9 Suppose that q ∈ Sp and n is a large number. Then Γn ⊂ R if and only if
qnq−n > 0. (29)
Proof. It follows from (25) that
C(λn(0), 0) = 0, D(λn(0), 0) = q2nq−2n + q2nB
′
+ q−2nB +BB
′
, (30)
D(λn(0), 0) = q2nq−2n + o
(
q−2nn
−s−1
)
+ o
(
q2nn
−s−1
)
+ o
(
n−2s−2
)
.
This with (18) implies that
D(λn(0), 0) = q2nq−2n(1 + o (1)) (31)
as n→∞. Now suppose that (29) holds. Then by Theorem 2.12 of [23] the eigenvalue λn(t)
is simple for all t ∈ [0, pi]. Therefore, by Theorem 7, Γn is real.
Now suppose that Γn is real. Then by Corollary 1, (28) holds. The first equality in (28)
with (31) imply that q2nq−2n > 0, since q2nq−2n is real (see (16)) and nonzero (see (18)). In
the same way using the second equality in (28) we obtain q2n+1q−2n−1 > 0
In [18] we proved that if q ∈W s1 [0, 1] and (17) holds then
B(λn(0), 0) = −S2n + 2Q0Q2n + o
(
n−s−2
)
,
B′(λn(0), 0) = −S−2n + 2Q0Q−2n + o
(
n−s−2
)
, (32)
where Qk andSk are the Fourier coefficients of the function Q and S defined by
Q(x) =
∫ x
0
q(t) dt, S(x) = Q2(x)
(see Lemma 6 of [18] ) and −S±2n + 2Q0Q±2n are real numbers (see page 655). Moreover
qn = o
(
n−s
)
, S±2n = o
(
n−s−1
)
, Q±2n = o
(
n−s−1
)
(33)
(see page 658 of [18] ). Therefore using (30), (32) and (33) we obtain
D(λn(0), 0) = P2n + o
(
n−2s−2
)
,
where Pn = qnq−n − qn (S−n − 2Q0Q−n)− q−n(Sn − 2Q0Qn). Similarly
D(λn(pi), pi) = P2n+1 + o
(
n−2s−2
)
,
If there exist c such that
|Pn| > cn−2s−2, (34)
then we have
D(λn(0), 0) = P2n(1 + o (1)), D(λn(pi), pi) = P2n+1(1 + o (1)). (35)
Therefore using (35), Theorem 8 and Theorem 5 and taking into account that if q ∈ W s1 [0, 1]
and (2) holds then (17) holds too we obtain
Theorem 10 If q ∈ W s1 [0, 1], (2) and (34) hold, n is a large number and Pn < 0 then Γn
has the nonreal tails.
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Now let us consider the connections between the reality of σ(L(q)) and the spectrality
of L(q) for q ∈ Sp. In [13] it was proved that L(q) is a spectral operator if and only if
sup
γ∈R
( sup
t∈(−pi,pi]
‖ e(t, γ) ‖) <∞, (36)
where e(t, γ) be the spectral projection defined by contour integration of the resolvent of
Lt(q), γ ∈ R and R is the ring consisting of all sets which are the finite union of the half
closed rectangles (see Theorem 3.5). Note that the spectral singularities of the operator L(q)
are the points of its spectrum in neighborhoods of which the projections of e(t, γ) are not
uniformly bounded (see [9] and [21-23]). Therefore if L(q) has a spectral singularity then it
is not spectral operator. However may be σ(L(q)) does not contain a spectral singularity
nevertheless L(q) is not a spectral operator. It happens if ‖ e(t, γ) ‖→ ∞ as γ goes to
infinity. In this case we say that L(q) has a spectral singularity at infinity (see Definition 3.2
in [23]). According to (36), we say that L(q) as an asymptotically spectral operator if the
inequality obtained from (36) by replacing R with R(C) holds, where C is a large positive
number and R(C) is the ring consisting of all sets which are the finite union of the half closed
rectangles lying in {λ ∈ C :| λ |> C} (see Definition 3.6 in [23]). If L(q) is an asymptotically
spectral operator then it has noncomplicated spectral expansion (see Theorem 4 in [27]).
Theorem 11 (a) Let |n| > N(h) and a ∈ (0, pi). Then the followings are equivalent.
1) λn(a) is a spectral singularity of L(q).
2) λn(a) is a complexation point of σ(L(q)).
3) λn(a) is a multiple eigenvalue of La(q).
4) If a ∈ (0, h] then {λn(t) : t ∈ [0, a)} ; if a ∈ [pi − h, pi) then {λn(t) : t ∈ (a, pi]} is a
nonreal tail of Γn.
(b) Let q ∈ Sp for some p = 0, 1, ... Then the followings are equivalent.
1) L(q) is an asymptotically spectral operator.
2) There exists m ≥ N(h) such that (29) holds for all |n| > m.
3) There exist m ≥ N(h) such that Γn for |n| > m are real pairwise disjoint intervals
separated by the gaps of the spectrum.
Proof. (a) By Theorem 4, 2), 3) and 4) are equivalent. On the other hand, by Propo-
sition 2 of [26] λn(a) is a spectral singularity if and only if it a multiple eigenvalue.
(b) First let us show that 2) and 3) are equivalent. By Theorem 9, 3) implies 2). Now
suppose that 2) holds. Then again by Theorem 9, Γn are real for all |n| > m. On the other
hand if (29) holds then by Theorem 2.12 of [23] the eigenvalues λn(t) for t ∈ [0, pi] are simple
and hence by by Remark 1, Γn for |n| > m are real pairwise disjoint intervals, that is 3)
holds. In [23] we proved that if (29) holds then L(q) is asymptotically spectral operator,
that is, if 2) holds then 1) holds too. Now suppose that 2) does not hold. Then by Theorem
9 there exists a sequence {nk} such that Γnk is not a real interval that is contains a nonreal
tail. Then by (a) there exist tnk ∈ (0, pi) such that λnk(tnk) is a spectral singularity. It
means that the conditions of Theorem 1(c) of [27] does not hold and hence L(q) is not an
asymptotically spectral operator. Thus 2) and 1) are equivalent
Now we consider a simple example that helps to see the complexity of the relations
between the spectrum and spectrality of the PT-symmetric periodic operators.
Example 1 The operators Lt(q) and L(q) are denoted by Ht(a, b) and H(a, b) when
q(x) = ae−i2pix + bei2pix, (37)
where a and b are the real numbers, that is, q is a PT-symmetric potential.
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To consider the spectrum of these operators we use the following results of [24] formulated
as Summary 10 (see Theorem 1 and (26) of [24]).
Summary 10 If ab = cd, then σ(H(a, b)) = σ(H(c, d)) and σ(Ht(a, b)) = σ(Ht(c, d)). The
operators Ht(a, b)) and Ht(c, d) have the same characteristic equation (4).
By this summary if ab > 0 then the spectra of H(c, d) and Ht(a, b) coincide with the
spectrum of the self adjoint operators L(2c cos 2pix) and Lt(2c cos 2pix) respectively, where
c is a positive square root of ab. It is well-known that (see Chapter 21 of [19] and Chapter
2 of [7]) all eigenvalues of Lt(2c cos 2pix) for all t ∈ [0, 2pi) are real and simple and all gaps
in the spectrum of L(2c cos 2pix) are open. Therefore we have the following.
Theorem 12 If ab > 0 then all eigenvalues of Ht(a, b) for all t ∈ [0, 2pi) are real and simple
and the spectrum of H(a, b) consist of the real intervals Γn separated by gaps, where Ht(a, b)
and H(a, b) are defined in Example 1.
To consider the spectrality of H(a, b) we use the following results of [25] and [27] formu-
lated as Summary 11 (see Prop. 3 and Theorem 6 of [25] and Corollary 1 of [27]).
Summary 11 (a) If | a |6=| b |, then the operator H(a, b) has the spectral singularity at
infinity and hence is not an asymptotically spectral operator.
(b) The operator H(a, b) is an asymptotically spectral operator and has no spectral sin-
gularity at infinity if and only if
| a |=| b |, inf
q,p∈N
{| qα− (2p− 1) |} 6= 0,
where α = pi−1 arg(ab).
This summary immediately yields the following.
Theorem 13 The PT-symmetric operator H(a, b) is a spectral operator if and only if a = b,
that is, (37) is the real potential 2a cos 2pix
Proof. If a = b then the operator H(a, b) is the self-adjoint operator L(2a cos 2pix) and
hence is the spectral operator. Now suppose that a 6= b. Since a and b are the real numbers,
it is possible in the following cases. Case 1: | a |6=| b | and Case 2: b = −a. In Case 1 by
Summary 11(a), the operator H(a, b) has the spectral singularity at infinity and hence is
not a spectral operator. In Case 2 we have pi−1 arg(ab) = 1. Therefore, by Summary 11(b),
H(a, b) is not a spectral operator
Now using Theorem 4 and Theorem 5 we prove the following.
Theorem 14 Suppose that (2) holds. If there exists m > N(h) such that λn(0) and λn(pi)
for n > m are nonreal numbers then there exists R such that [R,∞) ⊂ σ(L(q)) and the
number of gaps in the real part Re(σ(L(q))) of σ(L(q)) is finite.
Proof. Let and n > m+ 1 > N(h) + 1. By Theorem 5 there exist complexation points
λn(εn) and λn(pi − δn), where εn ∈ (0, h], (pi − δn) ∈ [pi − h, pi). Then using Theorem
4(d) and taking into account that Γn is a simple open curve (see Proposition 1(b)) and
λn(εn) < λn(pi − δn) (see (11) and (12)) we obtain
Re(Γn) = {λn(t) : t ∈ [εn, pi − δn]} = [λn(εn), λn(pi − δn)] .
It follows from Summary 6 and Summary 9 that λ−n(0) is also nonreal number. Therefore
in the same way and using (13) we prove that the right end point of Re(Γ−n) is λ−n(εn)
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and coincides with the left ent point of Re(Γn). Instead of λn(0) using λn(pi) and repeating
this proof we obtain that the right end point of Re(Γn) coincides with the left ent point of
Re(Γ−n−1). Therefore there exist R such that [R,∞) ⊂ σ(L(q)). To complete the proof it is
enough to note that by Theorem 1(a), Re (Γn) for each n ∈ Z is either empty set or a point
or an interval.
Now we find the conditions on the Fourier coefficients
fn =
∫ 1
0
f(x) cos 2pinxdx, gn =
∫ 1
0
g(x) sin 2pinxdx (38)
for which the number of gaps in the real part of the spectrum of L(q) is finite, where f = Re q
and g = Im q. It is clear that if q is PT-symmerric, then f and g are even and odd functions
respectively and hence
qn = fn + gn, q−n = fn − gn. (39)
Using (34), (35), Theorem 8 and Theorem 14 and taking into account that if q ∈ W s1 [0, 1]
and (2) holds then (17) holds too we obtain we obtain.
Theorem 15 Suppose that (2) holds and q ∈ W s1 [0, 1] for some s ≥ 0. If there exist positive
constants m and α such that for n > m the inequality
Pn < −αn−2s−2 (40)
holds, then the number of gaps in the real part of the spectrum of L(q) is finite.
Now we prove the other and more applicable theorem.
Theorem 16 Suppose that (2) holds and q ∈ W s1 [0, 1] for some s ≥ 0. If there exist δ > 1,
β > 0 and m > 0 such that
|gn| > βn−s−1, |gn| > δ |fn| (41)
for all n > m, then the number of gaps in the real part of the spectrum of L(q) is finite,
where fn and gn are the Fourier coefficients of Re q and Im q defined in (38).
Proof. It readily follows from (39) and (41) that
|qn| > εn−s−1, |q−n| > εn−s−1
and hence
− qnq−n =
(
g2n − f2n
)
> γn−2s−2,
|q±n|
|qnq−n| = O(n
s+1) (42)
for some ε > 0 and γ > 0. Using (2) and taking into account that q(s) is integrable on [0, 1]
one can readily verify that the functions Q and S are 1 periodic functions, Q(s+1) and S(s+1)
are integrable on [0, 1] and hence S±n = o
(
n−s−1
)
and Q±n = o
(
n−s−1
)
. Therefore, using
(42) and the definition of Pn we obtain
Pn = qnq−n − qn (S−n − 2Q0Q−n)− q−n(Sn − 2Q0Qn) =
(
f2n − g2n
)
(1 + o(1)).
Thus if (41) holds then (40) holds too. Hence the proof follows from Theorem 15
Theorem 16 shows that one can construct the large and easily checkable classes of the
finite-zone PT-symmetric periodic potentials, by constructing the potentials q so that the
Fourier coefficients of g = Im q is greater (by absolute value) than the Fourier coefficient of
f = Re q. One of them are given in the next theorem.
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Theorem 17 Suppose that (2) holds, g ∈W s+11 (a, a+1)∩W s1 [0, 1] for some s ≥ 0 and a ∈
[0, 1) and g(s) has a jump discontinuity at a with size of the jump c := g(s)(a+0)−g(s)(a−0),
while either f ∈W s+11 [0, 1] or f ∈W s+11 (b, b+1)∩W s1 [0, 1] for some b ∈ [0, 1) and f (s) has
a jump discontinuity at b with size of the jump d := f (s)(b+0)− f (s)(b− 0). If |d| < |c| then
the number of gaps in the real part of the spectrum of L(q) is finite.
Proof. The Fourier coefficient gn defined in (38) can be calculated by
gn = lim
ε→0
∫ a+1−ε
a+ε
g(x) sin 2pinxdx.
Applying s+ 1 times the integration by parts formula we get
|gn| = |c| (2pin)−s−1 + o(n−s−1).
In the same way we obtain that either fn = o(n
−s−1) or
|fn| = |d| (2pin)−s−1 + o(n−s−1).
Therefore if |d| < |c|, then (41) holds and hence the proof follows from Theorem 16
Conclusion 1 Theorem 4(d) shows that the main part of the spectrum of L(q) with PT-
symmetric periodic potential is real. Indeed, since εn → 0 and δn → 0 as n→∞, the length
of the real part {λn(t) : t ∈ [εn, pi − δn]} of Γn for n > N(h) is of order 4pi2n, while the
length of the nonreal tails {λn(t) : t ∈ [0, εn)} and {λn(t) : t ∈ (pi − δn, pi]} is O(nεn) and
O(nδn) respectively. Moreover, instead of (14) using more sharp estimation one can show
that εn and δn approach zero rapidly for smooth potential. For example if q ∈ Sp then
qn = o(n
−s) and the points εn, pi− δn corresponds to zero of D defined in (19). It with (25)
implies that εn = o(n
−s−1), δn = o(n
−s−1). Therefore the length of the nonreal tails of Γn
is o(n−s). Thus the spectrum of the PT-symmetric Hill operator is asymptotically real and
the spectrum of the self-adjoint Hill operator is completely real. Therefore one can say that
they have a closely spectral characteristic.
However, besides the reality of the spectrum the self-adjoint operators have the following
main characteristics: they have orthogonal projections, spectral resolution of the identity
operator, spectral representation and have no spectral singularities. The reality of spectrum
of PT-symmetric operator does not guarantee to hold the listed characteristics of the self-
adjoint operator for the PT-symmetric operator. For example, if
q(x+ 1) = q(x), q ∈ L1[0, 1], q−n = 0, qn ∈ R\ {0} , ∀n = 1, 2, ... (43)
then q is PT-symmetric potential and the spectrum is completely real: σ(L(q)) = [0,∞).
Nevertheless L(q), in general, has no orthogonal projections and has infinitely many spectral
singularities (see [8, 26]). In this example λn(0) and λn(pi) are the spectral singularities
if they are double eigenvalues and there exist associated function corresponding to their
eigenfunctions. Moreover, it happens for almost all potentials (43) (see [28]). If λn(0) and
λn(pi) are simple and nonreal for n > N(h) then Γn has complexation points λn(εn) and
λn(pi−δn) which are spectral singularities (see Theorem 11(a)). Thus, in this case L(q) also
has infinitely many spectral singularities and hence is not asymptotically spectral operator.
Theorem 11 shows that if λn(0) and λn(pi) are real and simple eigenvalues for large n
then the PT-symmetric operator L(q) may have only finitely many spectral singularities and
is asymptotically spectral. Hence the simplicity plus reality of λn(0) and λn(pi) for large n,
namely the condition (29) on the potential q, provide the PT-symmetric operator L(q) to be
close to the self adjoint Hill operator L(q) for q ∈ Sp.
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Finally, note that Theorem 11(b) (the equivalence of 1) and 3)) shows the asymptotic
connection of reality of σ(L(q)) and spectrality of L(q) for q ∈ Sp. On the other hand,
theorems 12 and 13 for Example 1 show that if ab > 0 and a 6= b then the spectrum of
H(a, b) coincides with the spectrum of the self-adjoint Mathieu-Hill operator, L(2c cos 2pix),
all eigenvalues of Ht(a, b) for all t ∈ [0, 2pi) are real and simple and hence σ(H(ab)) has no
spectral singularities and complexation points, while H(a, b) is not a spectral operator. Thus
the relation between the spectrum and spectrality of the PT-symmetric periodic operators is
complicated and depends on the subclasses of the PT-symmetric potentials.
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